Intersecting Flavor Branes by Pomoni, Elli & Rastelli, Leonardo
ar
X
iv
:1
00
2.
00
06
v1
  [
he
p-
th]
  1
 Fe
b 2
01
0
Preprint typeset in JHEP style - HYPER VERSION YITP-SB-09-45
Intersecting Flavor Branes
Elli Pomoni∗ and Leonardo Rastelli†
C.N. Yang Institute for Theoretical Physics,
Stony Brook University,
Stony Brook, NY 11794-3840, USA
Abstract:
We consider an instance of the AdS/CFT duality where the bulk theory contains an open string
tachyon, and study the instability from the viewpoint of the boundary field theory. We focus
on the specific example of the AdS5 × S5 background with two probe D7 branes intersecting
at general angles. For generic angles supersymmetry is completely broken and there is an
open string tachyon between the branes. The field theory action for this system is obtained
by coupling to N = 4 super Yang-Mills two N = 2 hyper multiplets in the fundamental
representation of the SU(N) gauge group, but with different choices of embedding of the two
N = 2 subalgebras into N = 4. On the field theory side we find a one-loop Coleman-Weinberg
instability in the effective potential for the fundamental scalars. We identify a mesonic operator
as the dual of the open string tachyon. By AdS/CFT, we predict the tachyon mass for small
’t Hooft coupling (large bulk curvature) and confirm that it violates the AdS stability bound.
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1. Introduction
Open string tachyon condensation has been studied from many viewpoints, see [1] for a review.
Here we consider a holographic (AdS/CFT) setup where the bulk theory contains an open
string tachyon, and ask what is the counterpart of tachyon condensation in the boundary field
theory. We will identify a sector of the boundary theory as a “holographic open string field
– 1 –
theory” capturing the tachyon dynamics. Since the bulk is weakly coupled when the boundary
is strongly coupled, and viceversa, we are bound to learn something new from their comparison.
We introduce the open string tachyon by adding to the AdS5 × S5 background two probe
D7 branes intersecting at general angles. Probe branes are the familiar way to include a
small number of fundamental flavors in the AdS/CFT correspondence [2]. If the closed string
background is supersymmetric, it is possible, and often desirable, to consider configurations of
probe branes that preserve some supersymmetry, as e.g. in [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12,
13, 14, 15, 16, 17]. Instead, we are after supersymmetry breaking and the ensuing tachyonic
instability. Another way to motivate our work is then as a natural susy-breaking generalization
of the standard supersymmetric setup of [2]. This generalization is technically challenging, and
the technical aspects have some interest of their own. Intersecting brane systems have many
other applications in string theory, from string phenomenology to string cosmology, and the
technical lessons learnt in our problem may be useful in those contexts as well.
The system that we study is as an open string analogue of the AdS/CFT pairs involving
closed string tachyons considered in [18, 19, 20, 21]. Let us briefly review that analysis. In all
non-supersymmetric orbifolds of N = 4 SYM, there is an instability for large N and small ’t
Hooft coupling λ. The instability is triggered by the renormalization of double-trace couplings,
of the form f
∫
d4x O2, where O ∼ TrX2 is a scalar bilinear. At leading order for large N , the
’t Hooft coupling λ is exactly marginal, but the double-trace coupling f runs. The one-loop
beta function βf (f, λ) ≡ µ ∂f∂µ does not admit zeros for real values of f [19, 20], so conformal
invariance is inevitably broken for arbitrarily small (but non-zero) λ. On the field theory
side, the instability can be seen in two equivalent ways. The most direct is as the Coleman-
Weinberg instability of the double-trace part of the scalar potential, implying that the scalars X
must acquire a non-zero vev. Alternatively [21], we can insist in formally preserving conformal
invariance by tuning f to the zero of its beta function, which is a complex number; it then turns
out the anomalous dimension ∆ of O takes a complex value of the form ∆ = 2 + ibλ +O(λ2).
By AdS/CFT, the bulk scalar field dual to O has m2 = ∆(∆ − 4) = −4 − b2λ2 + O(λ3) (in
AdS units), and is thus a “true” tachyon, since its squared mass is below the Breitenlohner-
Freedman [22] stability bound m2BF = −4. The field theory analysis holds for small ’t Hooft
coupling λ, when the bulk string background is strongly curved and the direct evaluation of its
spectrum difficult. By contrast for λ→∞ calculations are easy in the bulk. The bulk analysis
reveals that in some cases (orbifolds with fixed points on S5) the tachyonic instability persists
at large λ, but it disappears in others (freely acting orbifolds). The upshot is that AdS/CFT
makes interesting predictions both at weak and a strong coupling.
The AdS5 × S5 background with two probe intersecting D7s can be viewed as an open
string version of this story. For general angles the bulk theory is unstable via condensation of
an open string tachyon, or at least this is the picture for large λ where we can calculate the
string spectrum. In this paper we focus on the the field theory analysis at small λ, with the
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goal of detecting the expected instability.
The first challenge is to write down the Lagrangian of the dual field theory. As is well-
known, adding Nf parallel D7 branes to AdS5×S5 corresponds to adding to N = 4 SYM action
Nf extra N = 2 hyper multiplet in the fundamental representation of the SU(N) gauge group.
The resulting action preserves an N = 2 subalgebra of the original N = 4 supersymmetry
algebra – which particular N = 2 being a matter of convention so long as it is the same for
all the hyper multiplets. Introducing relative angles between the D7 branes corresponds to
choosing different embeddings for the N = 2 subalgebras of each different hyper multiplet.
In general supersymmetry will be completely broken, while for special angles N = 1 susy is
preserved. When N = 1 is preserved we can use N = 1 superspace to write the Lagrangian.
When supersymmetry is completely broken the determination of the Lagrangian turns out to be
a difficult technical problem that we are unable to solve completely. We cannot fix the quartic
terms ∼ Q4 where Q are the hyper multiplet scalars. The difficulty is related to the lack of
an off-shell superspace formulation of N = 4 SYM. Nevertheless, by making what we believe
is a mild technical assumption, we can fix the sign of the classical quartic potential. This is
sufficient to argue that the theory is indeed unstable from the renormalization of “double-trace”
terms f
∫
d4x O2, where now O ∼ Q¯aQa with a = 1, . . .N a color index. We are now using
“double-trace” in quotes since of course the fields Q are not matrices but vectors, but the logic
is much the same. The renormalization of f has the same twofold interpretation as above. We
identify the mesonic operator O as the dual of the open string tachyon between the two D7
branes. The Coleman-Weinberg potential for Q plays the role a holographic effective action for
the tachyon.
2. AdS/CFT with Flavor Branes Intersecting at General Angles
We begin with a review the Karch-Katz setup [2], where parallel probe D7 branes are used to
engineer an N = 2 supersymmetric field theory with flavor. We then break supersymmetry
by introducing a relative angle between the D7 branes. We derive the dual Lagrangian, up to
an ambiguity in the quartic potential for the fundamental scalars. We end the section with a
review of the basic bulk-to-boundary dictionary.
2.1 Parallel flavor branes
We start with the familiar D3/D7 supersymmetric brane configuration with N “color” D3s
and Nf “flavor” D7s, arranged as shown in Figure 1. For now θ1 = θ2 = 0, that is, all D7
branes are parallel to one another. Taking the decoupling limit on the D3s wordvolume, the D3
branes are replaced by their near-horizon geometry. If Nf ≪ N , we can treat the D7 branes
as probes in the AdS5 × S5 background, neglecting their backreaction [2]. This background
preserves N = 2 supersymmetry in four dimensions.
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Figure 1: The brane configuration.
The dual field theory is N = 4 SU(N) SYM coupled to Nf N = 2 hyper multiplets in the
fundamental representation of the SU(N) color group, arising from the D3-D7 open strings.
We are interested in the case of massless hyper multiplets, corresponding to the brane setup
where the D7s coincide with the D3s (at the origin of the 89 plane). After decoupling, the
probe D7s fill the whole AdS5 and wrap an S
3 ⊂ S5.
Let us briefly recall the field content of the boundary theory. A more detailed treatment
and the full Lagrangian can be found in Appendix A. The N = 4 vector multiplet consists of
the gauge field Aµ, four Weyl spinors λ
A
α , A = 1, . . . , 4 and six real scalars Xm, m = 4, . . . , 9
corresponding to the six transverse directions to the D3 branes. It is convenient to represent the
scalars as a self-dual antisymmetric tensor XAB of the R-symmetry group SU(4)R ∼= Spin(6),
(XAB)† = X¯AB ≡ 1
2
ǫABCDX
CD . (2.1)
The explicit change of variables is
XAB =
1√
2


0 X8 + iX9 X6 + iX7 X4 + iX5
−X8 − iX9 0 X4 − iX5 −X6 + iX7
−X6 − iX7 −X4 + iX5 0 X8 − iX9
−X4 − iX5 X6 − iX7 −X8 + iX9 0

 . (2.2)
Each N = 2 flavor hyper multiplet consists of two Weyl spinors and two complex scalars,
ψiα
qi (q˜i)
†(
ψ˜i α
)† (2.3)
Here i = 1, . . . , Nf is the flavor index. The scalars form an SU(2)R doublet,
QI ≡
(
q
q˜†
)
, I = 1, 2 . (2.4)
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The flavor hyper multiplets are minimally coupled to the N = 2 vector multiplet that sits
inside the N = 4 vector multiplet. This coupling breaks the R-symmetry SU(4)R to SU(2)L×
SU(2)R×U(1)R, where SU(2)R×U(1)R is the R-symmetry of the resultingN = 2 theory. There
is a certain arbitrariness in the choice of embedding SU(2)L × SU(2)R × U(1)R ⊂ SU(4)R ∼=
Spin(6). This corresponds to the choice of orientation of the whole stack of D7 branes in the
456789 directions (we need to pick an R4 ⊂ R6). For example if we choose the configuration
of Figure 1, we identify SU(2)L × SU(2)R ∼= SO(4) with rotations in the 4567 directions and
U(1)R ∼= SO(2) with a rotation on the 89 plane. A short calculation using our parametrization
of the scalars (2.2) shows that this corresponds to the following natural embedding of SU(2)L×
SU(2)R × U(1)R ⊂ SU(4)R:
1
2
3
4; p[


SUR(2)× U(1)R
SUL(2)× U(1)∗R

 . (2.5)
Of course, any other choice would be equivalent, so long as it is performed simultaneously for
all D7 branes. With the choice (2.5), the N = 4 vector multiplet splits into the N = 2 vector
multiplet
Aµ
λ1α λ
2
α
X8+iX9√
2
, (2.6)
and the N = 2 hyper multiplet
λ3α
X4+iX5√
2
X6+iX7√
2
λ4α
. (2.7)
The two Weyl spinors in the vector multiplet form an SU(2)R doublet
ΛI ≡
(
λ1
λ2
)
, I = 1, 2 , (2.8)
while the two spinors in the hyper multiplet form an SU(2)L doublet,
ΛˆIˆ ≡
(
λ3
λ4
)
, Iˆ = 1, 2 . (2.9)
We use I ,J . . . = 1, 2 for SU(2)R indices and Iˆ , Jˆ . . . = 1, 2 for SU(2)L indices. To make
the SU(2)L× SU(2)R quantum numbers of the scalars more transparent we also introduce the
2× 2 complex matrix XIIˆ , defined as the off-diagonal block of XAB,
X IˆI =
(
X6 + iX7 X4 + iX5
X4 − iX5 −X6 + iX7
)
. (2.10)
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Note that X IˆI obeys the reality condition
(
X IˆI
)∗
= −XIˆI = −ǫIˆJˆ ǫIJX Jˆ J . (2.11)
We summarize in the following table the transformation properties of the fields:
SU(N) SU(Nf ) SU(2)L SU(2)R U(1)R
Aµ Adj 1 1 1 0
X12 Adj 1 1 1 +2
X IIˆ Adj 1 2 2 0
ΛI Adj 1 1 2 +1
ΛˆIˆ Adj 1 2 1 –1
QI   1 2 0
ψ   1 1 –1
ψ˜   1 1 +1
Table 1: Quantum numbers of the fields.
2.2 Rotating the flavor branes
We now describe a non-supersymmetric open string deformation of this background. For sim-
plicity we consider the case Nf = 2. While keeping the two D7 branes coincident with the
D3s in the 0123 directions, we rotate them with respect to each other in the transverse six
directions, see Figure 1. There are two independent angles, so without loss of generality we
may perform a rotation of angle θ1 = θ49 in the 49 plane and a rotation of angle θ2 = θ85 in
the 58 plane. For generic angles supersymmetry is completely broken; for θ1 = θ2 it is broken
to N = 1. As we rotate the branes, some D7-D7′ open string modes become tachyonic. The
main goal of this paper is to study this tachyonic instability from the viewpoint of the dual
field theory.
On the field theory side, rotating the second brane D7′ amounts to choosing a different
embedding of SU(2)R ⊂ SU(4) for the second hyper multiplet, while keeping the standard
embedding (2.5) for the first. In the Lagrangian, we must perform an SU(4) rotation of the
N = 4 fields that couple to the second hyper multiplet, leaving the ones that couple to the first
unchanged. The rotation is of the form
X ′m = R(6) nm (θ1, θ2)Xn , λ′A = R(4) BA (θ1, θ2) λB . (2.12)
The explicit form of the rotation matrices R(6) and R(4) is given in Appendix B.
Naively, the Q4 terms are not affected by the rotation, but this is incorrect. This is seen
clearly in N = 1 superspace. The N = 4 multiplet is built out of three chiral multiplets Φa,
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a = 1, 2, 3 and one vector multiplet V . The Q4 terms arise from integrating out the auxiliary
fields F a (a = 1, 2, 3) of the chiral multiplets and D of the vector multiplet, which transform
under the SU(4)R rotation. For example, a rotation that preserves N = 1 supersymmetry
(θ1 = θ2) corresponds to a matrix R(4) ⊂ SU(3), which acts on F a leaving D invariant. The
correct Lagrangian is obtained by performing the rotation on the Xm, λA and F
a fields that
couple to the primed hyper multiplet, and only then can the auxiliary fields be integrated out.
The Q4 terms get modified accordingly.
Under a more general SU(4)R rotation, the F
a and D auxiliary fields are expected to
mix in a non-trivial fashion. There exists a formalism developed in [23, 24] that provides the
generic R-symmetry transformations action in N = 1 superspace. Unfortunately, for N = 4
supersymmetry we cannot rely on this formalism because the transformations do not close
off-shell. This technically involved point is explained in detail in Appendix C. There we also
provide an N = 2 supersymmetry toy example where the formalism works perfectly since the
N = 2 R-symmetry algebra closes off-shell.
To proceed, we parametrize our ignorance of the Q4 terms. The exact form of the full La-
grangian, including the parametrized Q4 potential, is spelled out in Appendix B. Schematically,
we write the Q4 potential as
VQ4 = Q
4
1 +Q
4
2 + (Q1Q2)
2
F f (θ1, θ2) + (Q1Q2)
2
D d (θ1, θ2) , (2.13)
for some unknown functions f(θ1, θ2) and d(θ1, θ2). Here Q1 and Q2 are shorthands for the
scalars in the first and second hyper multiplets and the subscripts F and D refer to different
ways to contract the indices, see (B.28) for the exact expressions. The letters F andD are chosen
as reminders of the (naive) origin of the two structures from integrating out the “rotated” F and
D N = 1 auxiliary fields, but this form of the potential follows from rather general symmetry
considerations, as we explain in Appendix B. When θ1 = θ2, N = 1 supersymmetry is preserved
and N = 1 superspace allows to fix the two functions,
f(θ, θ) = cos θ , d(θ, θ) = 1 . (2.14)
For general angles, we can constrain f and d somewhat, using bosonic symmetries (see Appendix
B), but unfortunately we are unable to fix them uniquely. The most important assumption we
will make in the following is positivity of the classical potential, VQ4 ≥ 0, implying f(θ1, θ2) ≤ 1
and d(θ1, θ2) ≤ 1 for all θ1, θ2. Positivity would follow from the mere existence of any reasonable
off-shell superspace formulation, as the scalar potential would always be proportional to the
square of the auxiliary fields, even when supersymmetry is broken by the relative R-charge
rotation between the two hyper multiplets.1 Note also that the classical potential VQ4 is a
homogeneous function of the Qs, so it is everywhere positive if and only if it is bounded from
below, which is another plausible requirement.
1To illustrate how this would work we consider in section C.2 N = 2 SYM theory coupled to two fundamental
N = 1 chiral multiplets, with different choices of the two N = 1 subalgebras.
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2.3 Bulk-boundary dictionary
The basic bulk-to-boundary dictionary for the parallel brane case has been worked out in
[25, 26]. A brief review is in order.
In the closed string sector, Type IIB closed string fields map to single-trace operators of
N = 4 SYM, as usual. In the open string sector, open string fields on the D7 worldvolume
map to gauge-singlet mesonic operators, of the schematic form Q¯XnQ, where Q stands for a
generic fundamental field and X for a generic adjoint field.
The massless bosonic fields on theD7 worldvolume are a scalar Φ and a gauge field (Aµˆ, Aαˆ),
where µˆ are AdS5 indices and αˆ are S
3 indices. Kaluza Klein reduction on the S3 generates the
following tower of states, labeled in terms of (j1 , j2)s representations of SU(2)L × SU(2)R ×
U(1)R:
Φ→ Φℓ =
(
ℓ
2
,
ℓ
2
)
2
, Aµˆ → Aℓµˆ =
(
ℓ
2
,
ℓ
2
)
0
, Aαˆ → Aℓ± =
(
ℓ± 1
2
,
ℓ∓ 1
2
)
0
. (2.15)
(The longitudinal component of Aαˆ is not included because it can be gauged away). These
states (and their fermionic partners, which we omit) can be organized into short multiplets of
the N = 2 superconformal algebra,
(
Aℓ+1− , A
ℓ
µˆ,Φ
ℓ, Aℓ−1+
)
, ℓ = 0, 1, 2, . . . (2.16)
of conformal dimensions
(ℓ+ 2, ℓ+ 3, ℓ+ 3, ℓ+ 4) . (2.17)
For ℓ = 0 the A+ state is absent. Note that all states in a given multiplet have the same SU(2)L
spin, indeed the N = 2 supercharges are neutral under SU(2)L.
The lowest member of each multiplet, namely Aℓ+1− , is dual to the chiral primary operator
Q¯{IXI1 Iˆ1 . . .XIℓ IˆℓQJ} , (2.18)
where QI is the SU(2)R doublet of complex fundamental scalars. In (2.18) the SU(2)L and
SU(2)R indices are separately symmetrized. In particular for ℓ = 0, we have the triplet of
mesonic operators
O3 ≡ Q¯{IQJ } = Q¯IQJ − 1
2
Q¯KQKδJI . (2.19)
The singlet operator
O1 ≡ Q¯IQI , (2.20)
is not a chiral primary and maps to a massive open string state.
In Appendix D we compute the one-loop dilatation operator acting on the basis of states
O ≡ Q¯IQJ , evaluating the diagrams schematically drawn in Figure 2. We find
Γ(1) =
λ
4π2
K , K ≡ δIJ δKL . (2.21)
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Figure 2: Diagrams contributing to the one-loop renormalization of the mesonic operators.
The eigenstates are the triplet and the singlet, with eigenvalues
γ3 = 0 , γ1 =
λ
2π2
. (2.22)
As expected, the chiral triplet operator has protected dimension. At one-loop, this result does
not change as we turn on non-zero angles θ1 and θ2.
So far we have considered the case of a single D7 brane, or a single flavor. For multiple
D7 branes (multiple flavors) the Chan-Paton labels of the open strings are interpreted as the
bifundamental flavor indices of the mesonic operators, Oij , i, j = 1, . . . Nf . In our setup, with
Nf = 2, the lowest mode of the open string with off-diagonal Chan-Paton labels, which is
the massless gauge field for parallel branes, becomes tachyonic as we turn on a relative angle
between the D7s. In the dual field theory we expect to find an instability associated with the
operator O12
3
, the lowest dimensional operator dual to the off-diagonal open string mode.
3. “Double-trace” Renormalization and the Open String Tachyon
Our setup is an open string version of the phenomena studied in [18, 19, 20, 21]. Motivated
by the work of [19, 20], we considered in [21] a generic large N , non-supersymmetric field
theory with all matter in the adjoint (or bifundamental) representation. We further assumed
the theory to be “conformal in its single-trace sector”, by which we mean that all single-trace
couplings have vanishing beta function for large N . In such a theory, quantum effects induce
double-trace couplings of the schematic form
δS = f
∫
d4xOO¯ , O ∼ Trφ2 , (3.1)
where φ is a scalar field. The beta function for f may or may not admit a real fixed point.
If βf has no real zeros, conformal invariance is broken. A closely related phenomenon is the
generation of a Coleman-Weinberg potential V (〈φ〉) [18]. It is not difficult to show [21] that
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the symmetric vacuum 〈φ〉 = 0 is stable if and only if βf has a fixed point; conversely, if βf has
no real zeros, dynamical symmetry breaking occurs.
Field theories of the kind just described arise in several examples of the AdS/CFT corre-
spondence. The best known cases are non-supersymmetric orbifolds of N = 4 SYM, dual to
Type IIB string theory on AdS5 × S5/Γ with Γ a subgroup of SU(4)R (but not a subgroup of
SU(3)). The field theory instability associated with double-trace renormalization is the bound-
ary counterpart of the instability associated with a closed string tachyon in the AdS bulk. By
a tachyon we mean a bulk scalar that violates the Breinlohner-Freedman bound. As usual,
the weakly coupled boundary theory (small ’t Hooft coupling λ) gives information about the
high curvature regime of the bulk theory and vice versa. In some examples (non-freely acting
orbifolds of N = 4 SYM), the instability is visible both in the weakly curved bulk theory
and in the one-loop analysis of the boundary theory; presumably the theory is unstable for all
couplings. In other examples (freely acting orbifolds of N = 4) an instability shows up in the
one-loop analysis of the boundary theory, but the spectrum of the weakly curved bulk theory
has no tachyon; the tachyon must become massive for λ greater than some critical value.
We showed in [21] that at large N the conformal dimension ∆O and the beta function βf
take the general forms
∆O = 2 + γ(λ) +
v(λ)
1 + γ(λ)
f , (3.2)
βf =
v(λ)
1 + γ(λ)
f 2 + 2γ(λ)f + a(λ) . (3.3)
Here v(λ) is defined as the normalization coefficient of O,
〈O(x)O¯(0)〉 = v(λ)
2π2x2∆(λ)
; (3.4)
γ(λ) is the contribution to the anomalous dimension of O from single-trace interactions; finally
a(λ) is the coefficient of the induced double-trace terms, coming from the single trace interac-
tions, in the quantum effective potential. The expressions (3.2, 3.3) are valid to all orders in
planar perturbation theory: large N factorization implies that βf depends at most quadrati-
cally on f , and ∆O at most linearly [21] . The coefficients v(λ), γ(λ) and a(λ) have planar
perturbative expansions
v(λ) =
∞∑
L=1
v(L)λL−1 , γ(λ) =
∞∑
L=1
γ(L)λL , a(λ) =
∞∑
L=1
a(L)λL+1 , (3.5)
where the L denotes the loop order. Consider the discriminant of the quadratic equation βf = 0,
D(λ) ≡ γ(λ)2 − a(λ) v(λ)
1 + γ(λ)
. (3.6)
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If D(λ) < 0, there are no physical (real) values of f for which the theory is conformal. But
if we insist on formally preserving conformal invariance by tuning f to one of its two complex
fixed points, then the operator dimension also becomes complex,
∆O = 2± i b(λ) , b(λ) ≡
√
|D| . (3.7)
Using the usual AdS/CFT dictionary
∆O =
d
2
±
√
d2
4
+m2R2 = 2±
√
4 +m2R2 , (3.8)
we find that the AdS5 scalar dual to O has mass [21]
m2(λ)R2 = m2BFR
2 +D(λ) = −4 +D(λ) . (3.9)
For negative discriminant m2(λ) < m2BF : the scalar field dual to O is a true tachyon and the
bulk theory is unstable.
We now generalize this story to AdS/CFT dual pairs containing an open string sector. In
the presence of flavor branes in the AdS bulk, the dual field theory contains extra fundamental
matter. An open string tachyon corresponds to an instability in the mesonic sector of the
boundary theory. In this paper we illustrate this phenomenon in the example of the intersecting
D7 brane system. The classical Lagrangian of the boundary theory takes the schematic form
L = Ladjoint + Lfund = −Tr
[
F 2 + (DX)2 + . . .
]− (DQ)2 − λ
N
OijO¯ij + . . . (3.10)
where Oij = Qi aQ¯j a are the gauge-invariant mesonic operators made from the fundamen-
tal scalars and for simplicity we have ignored the SU(2)R structure, which will be restored
shortly.2 The whole Lfund is 1/N suppressed with respect to Ladjoint, in harmony with the fact
that the classical D-brane effective action arises from worldsheets with disk topology, and is
thus suppressed by a power of gs ∼ 1/N with respect to the classical closed string effective
action, arising from worldsheets with sphere topology. Nevertheless, as always in the tachyon
condensation problem, it makes perfect sense to focus on classical open string field theory. The
classical open string dynamics is dual to the quantum planar dynamics of the mesonic sector of
the field theory. The ’t Hooft coupling λ does not run at leading order in N , indeed the hyper
multiplet contribute to βλ at order O(1/N). For generic angles, the term in the Q
4 potential
that mix the two flavors run, so perturbative renormalizability forces the introduction of a new
coupling constant f ,
δLfund = − f
N
O12O¯12 . (3.11)
2To avoid cluttering in some expressions below we always write the flavor indices as upper indices in Oij .
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Note on the other hand that no extra terms diagonal in flavor (namely O11O¯11 and O22O¯22 are
induced at one-loop. For the first flavor this is immediate to see: the diagrams contributing
to the term O11O¯11 of the effective potential are independent of θ1, θ2 (they do not involved
any coupling mixing the two flavors) and thus their sum must vanish, as it does in the N = 2
supersymmetric theory with θ1 = θ2 = 0. For the second flavor this follows by symmetry, since
the two flavors are of course interchangeable.3
This extra “double-trace” term (3.11) arise at the same order in N order as the classical
Lfund, indeed inspection of the Feynman diagrams shows that the one-loop bare coupling f0
behaves as
f0 ∼ λ2 log Λ . (3.12)
The analysis [21] can be applied in its entirety to this “open string” case. The “double-trace”
beta function βf takes again the form (3.3), and its discriminant D(λ) computes now (through
(3.9) the mass of the open string tachyon dual to mesonic operator O12. Let us turn to explicit
calculations.
3.1 The one-loop “double-trace” beta function
To proceed, we need to be more precise about the structure of the“double-trace” terms induced
at one-loop, restoring their SU(2)R structure. For general angles θ1 and θ2, there are three
independent structures,
δLfund = − 1
N
[
f3±
(O12
3+
O21
3−
+O12
3−
O21
3+
)
+ f30O1230O2130 + f1O121 O211
]
. (3.13)
We have imposed neutrality under the Cartan of SU(2)R, since this is an exact symmetry for
generic angles, corresponding geometrically to rotations in the 67 plane (more precisely a 67
rotation is a linear combination of the Cartan of SU(2)L and SU(2)R, but the hyper multiplets
are neutral under SU(2)L). When one of the angles is zero, say θ2 = 0, rotations in the
567 directions a symmetry (again a diagonal combination of SU(2)L and SU(2)R), implying
f3± = f30 ≡ f3. We focus on the triplet mesons, which are dual to the open string tachyon. For
a single non-zero angle there is one beta function βf3 to compute, since the three components of
the triplet are related by symmetry. For generic angles there are in principle two distinct beta
functions βf
3±
and βf
30
; we will illustrate our method computing the first, which is a slightly
simpler calculation. At one-loop, the “double-trace” beta function takes the form
βf = v
(1)f 2 + 2γ(1)λf + a(1)λ2 . (3.14)
3In more detail, the diagrams contributing to O22O¯22 do not involve the first flavor, which could then be
set to zero as the calculation of this terms of the effective potential is concerned. The Lagrangian with the
first flavor set to zero is N = 2 supersymmetric, only with an unconventional choice of SU(2)R embedding into
SU(4)R – it can be turned into the standard Lagrangian by an R-symmetry rotation of the N = 4 fields.
– 12 –
We have seen that γ(1) = 0 at one loop for the triplet mesons. The normalization coefficient
v(1) is easily evaluated by free Wick contractions,
〈O12
30
(x)O21
30
(y)〉 = 〈O12
3+
(x)O21
3−
(y)〉 = 〈O12
3−
(x)O21
3+
(y)〉 = 1
16π4|x− y|4 , (3.15)
implying
v
(1)
3+
= v
(1)
3−
= v
(1)
30
=
1
8π2
. (3.16)
It remains to evaluate the coefficient a(1). We are going to extract a(1) from the one-loop
Coleman-Weinberg potential along the “Higgs branch” of the gauge theory, 〈XAB〉 = 0, QI 6=
0. We put “Higgs branch” in quotes because for general angles it is in fact lifted already
at the classical level. Let us first recall the analysis for the N = 2 supersymmetric theory
corresponding to two parallel flavor branes are parallel (θ1 = θ2 = 0).
As always in a supersymmetric theory, flat directions are parametrized by holomorphic
gauge-invariant composite operators. In our case the relevant operators are the mesons
Oij = qi · q˜j , i, j = 1, 2 (3.17)
The dot stands for color contraction q·q∗ ≡ qa q∗
a
and i, j are the flavor indices. The holomorphic,
gauge invariant mesons that parameterize the Higgs flat directions are subject to F-flatness
conditions
qa iq˜b i = 0⇔ trO = detO = 0 , (3.18)
thus there are 4−2 = 2 complex parameters for the moduli space of the supersymmetric theory
(θ1 = θ2 = 0). We may parameterize the flat directions by
Q1 = U
(
q
0
)
, Q2 = U
(
0
−q
)
, U ∈ SU(2) and q ∈ R . (3.19)
Color indices are kept implicit. In color space we may take qa=1 = q and qa6=1 = 0. For generic
θ1, θ2 supersymmetry is explicitly broken in the classical Lagrangian and the Higgs branch is
completely lifted.
To select βf
3+
(which is of course equal to βf
3−
), we calculate the effective potential around
a classical background such that 〈O12
1
〉 = 〈O12
30
〉 = 〈O12
3−
〉 = 0, but 〈O12
3+
〉 6= 0, namely
Q1 =
(
q
0
)
, Q2 =
(
0
−q
)
, q ∈ C (3.20)
This choice corresponds to the flat direction for the N = 1 susy case θ1 = θ2. The F-terms
of the classical potential vanish for general angles, but for θ1 6= θ2 the D-terms do not, VDQ4 =
g2|q|4(1− d (θ1, θ2)).
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In Appendix E we evaluate the one-loop contribution to the effective potential along this
background (at large N). With the help of the Callan-Symanzik equation we find
a
(1)
3±
=
1
16π2
[(
1− d(θ1, θ2)
)
+
1
2
(
1− d(θ1, θ2)
)2
+ 4 sin2
(
θ1 + θ2
2
)
sin2
(
θ1 − θ2
2
)]
. (3.21)
From our (mild) assumption that the classical potential be positive we have d(θ1, θ2) ≤ 1, has
the crucial implication
a
(1)
3±
≥ 0 . (3.22)
In the supersymmetric case (θ1 = θ2), a
(1)
3±
= 0, as it must. For θ2 = 0, the SU(2) symmetry is
restored, so
a
(1)
3±
= a
(1)
30
=
1
16π2
[(
1− d(θ, 0)
)
+
1
2
(
1− d(θ, 0)
)2
+ 4 sin4
(
θ
2
)]
≥ 0 . (3.23)
The one-loop triplet beta function (let us focus on the single-angle case)
βf3 = v
(1)
3
f 2
3
+ a
(1)
3
λ2 (3.24)
does not admit real fixed points for f3, so conformal invariance is inevitably broken in the
quantum theory.4 The running coupling
f¯(µ) =
a(1)√
v
(1)
3
λ2 tan

a(1)λ2√
v
(1)
3
ln(µ/µ0)

 (3.25)
is a monotonically increasing function interpolating between IR and UV Landau poles, at
energies
µIR = µ0 exp

−π
√
v
(1)
3
λ
√
a
(1)
3

 , µUV = µ0 exp

π
√
v
(1)
3
λ
√
a
(1)
3

 . (3.26)
For small coupling λ→ 0, the Landau poles are pushed respectively to zero and infinity.
4Conformal invariance is already broken in the adjoint (“closed string”) sector by the hyper multiplet con-
tribution to βλ, but this is subleading effect (of order O(1/N)) with respect to the classical Lagrangian. In
the fundamental (“open string”) sector the breaking of conformal invariance is at leading order in N (quantum
effects arise as the same order as the classical Lagrangian). Of course the whole fundamental sector is O(1/N)
with respect to the adjoint sector, but we can meaningfully separate the effect we are interested in. This is the
field theory counterpart of focussing on the classical open string dynamics of the D-branes, while ignoring the
backreaction of the branes on the bulk background.
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3.2 The tachyon mass
As reviewed above, the mass of the field dual to O12
3±
is directly related to the discriminant of
β3±,
m2
3±
R2 = m2BFR
2 +D3±(λ; θ1, θ2) = − 4 − λ
2
16π4
D(1)
3
(θ1, θ2) +O(λ3) , (3.27)
where
D(1)
3
=
(
1− d(θ1, θ2)
)
+
1
2
(
1− d(θ1, θ2)
)2
+ 4 sin2
(
θ1 + θ2
2
)
sin2
(
θ1 − θ2
2
)
. (3.28)
For θ1 6= θ2 the discriminant is negative, implying that the bulk field violates the BF stability
bound. Whenever supersymmetry is broken, the bulk field dual to O12
3±
is a true tachyon. For
θ2 = 0 the ± and 0 components of the triplet are related by the SU(2) symmetry and are all
tachyonic. We expect the field dual to O12
30
to be tachyonic for general angles.
For small angles, the O(λ2) tachyon mass depends on a single unknown parameter α (which
enters the parametrization of the classical Q4 potential, see Appendix B),
R2m2
3
(λ) = −4 − α λ
2
16π4
(θ1 − θ2)2 +O(λ3) , θ1 , θ2 ≪ 1 . (3.29)
This expression applies to all three components of the triplet. For the ± components it is
just the expansion of (3.27) for small angles. For the 0 component it follows by imposing
the symmetry constraints m2
30
(θ, θ) = 0 and m2
30
(θ, 0) = m2
3±
(θ, 0). By AdS/CFT, we get an
interesting prediction for the mass of the open string tachyon for large AdS curvature (small
λ).
Conversely, for large λ (small AdS curvature) we can compute the mass of the open string
tachyon using the dual string picture. The open string spectrum of branes intersecting at small
angles in flat space is well-known. The lowest tachyon mode has mass (see e.g. [27] for a
review),
m2 = −|θ1 − θ2|
π2α′
, , θ1 , θ2 ≪ 1 . (3.30)
This becomes a good approximation to the mass in the exact AdS sigma model in the limit
α′/R2 ∼ λ−1/2 → 0. Thus
lim
λ→∞
R2m2
3
(λ) = −|θ1 − θ2|
π2
R2
α′
= −|θ1 − θ2|
π2
λ1/2 , , θ1 , θ2 ≪ 1 . (3.31)
This can be regarded as a prediction for the large λ behavior of the discriminant D3(λ), which
is a purely field-theoretic quantity. Note that apart from the λ dependence, which could have
been anticipated on general grounds, the weak coupling result (3.29) and the strong coupling
result (3.31) differ in their angular dependence.
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4. Discussion
The main technical question that we leave answered is the precise form of the classical Q4
potential for generic angles. As we have emphasized, a superspace formulation of N = 4
SYM with manifest SU(4)R symmetry would offer a solution. It would be interesting to see
whether the new off-shell formalism for N = 1 SYM in ten dimensions introduced in [28, 29]
could be applied to our problem. In principle, another way to obtain the Q4 potential is by
taking the decoupling limit of the intersecting brane effective action. This would first require
the calculation of a four-point function of twist fields, two twist fields corresponding to D3-D7
open strings and two twist fields corresponding to D3-D7’ open strings. This problem has been
solved for branes intersecting at right angles (see e.g. [30, 31, 32, 33]). The generalization
to arbitrary angles is an interesting and difficult problem in boundary conformal field theory.
Taking the decoupling limit may also be challenging in the presence of tachyons – it is not
clear to us whether the result would be unambiguous or it would require some renormalization
prescription.
Even without a complete knowledge of the classical Q4 potential, by making a plausible
positivity assumption we argued that the field theory is unstable at the quantum level. By
AdS/CFT, we obtained a non-trivial prediction for the tachyon squared mass m2
3
(λ) at small λ.
Its behavior at large λ is known from flat-space string theory. There must exist an interpolating
functionm2
3
(λ) valid for all λ. It would be extremely interesting to apply integrability techniques
to find the whole function. There is a large literature on open spin chains arising in the
calculation of anomalous dimensions of mesonic operators, see in particular [34, 35, 36, 37] for
our system in the N = 2 supersymmetric case θ1 = θ2 = 0. It remains to be seen whether the
susy-breaking rotation preserves integrability.
Another direction for future work is to study the actual tachyon condensation process on the
field theory side. In the bulk, after tachyon condensation the intersecting D7 branes recombine
(see e.g. [27]). For small λ, the tachyon vacuum corresponds on the field theory side to the local
minimum of the one-loop effective potential. It would be interesting to expand the Lagrangian
around the minimum and relate this field theory calculation to the bulk phenomenon of brane
recombination.
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A. The Supersymmetric Field Theory
In this appendix we spell out our conventions and write the N = 2 supersymmetric action for
the usual D3/D7 system [2]. We first present the Lagrangian in N = 1 superspace and then
in components. Unless otherwise stated, we follow the superspace notations of [24].
As familiar, the N = 4 vector multiplet decomposes into an N = 1 vector multiplet,
V = θ¯σµθA µ + iθ
2θ¯λ¯− iθ¯2θλ+ θ2θ¯2D (Wess-Zumino gauge) (A.1)
and three chiral multiplets
Φa = φa + θχa − θ2F a , a = 1, 2, 3 , (A.2)
all in the adjoint representation of the SU(N) gauge group. For zero theta angle, the superspace
Lagrangian reads
LN=4 = Tr
[∫
d4θ e−gV Φ¯a egV Φa +
∫
d2θW 2 +
(
i g
3!
∫
d2θ ǫabc Φ
a
[
Φb, Φc
]
+ h.c.
)]
, (A.3)
where Wα ≡ iD¯2DαV is the usual field strength chiral superfield. In this N = 1 language, only
an SU(3)R × U(1)r subgroup of the SU(4)R R-symmetry is visible. The SU(3)R rotates the
three chiral superfields leaving V invariant, while the U(1)r is the usual N = 1 R-symmetry,
with the chiral superfields having charge 2/3. 5
In components6,
LN=4 = Tr
[
− 1
4
F µνFµν − iλ¯Aσ¯µDµλA − 1
2
DµX¯ABDµX
AB
+ i
√
2 g XAB λ¯Aλ¯B − i
√
2 g X¯ABλ
AλB − g
2
4
[XAB, XCD] [X¯CD, X¯AB]
]
, (A.4)
where A,B = 1, . . . , 4. The scalars XAB are related to the three complex scalars φa as
XAB =


0 φ3 φ2 φ1
−φ3 0 φ∗1 −φ∗2
−φ2 −φ∗1 0 φ∗3
−φ1 φ∗2 −φ∗3 0

 (A.5)
and obey the self-duality constraint (2.1).
5Note that we are making a graphical distinction between this U(1)r symmetry and the U(1)R symmetry
defined in (2.5). See the footnote in Appendix B.
6In going from superspace to components, we redefine the coupling, gsuperspace =
√
2gcomponents, to recover
the usual normalization.
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We can also think the N = 4 vector multiplet as an N = 2 vector multiplet (comprising V
and Φ3) and an N = 2 hyper multiplet (comprising Φ1 and Φ2). We wish to couple the N = 2
vector multiplet (V,Φ3) toNf “flavor” hyper multiplets in the fundamental representation of the
gauge group. Each N = 2 flavor hyper multiplet decomposes into two N = 1 chiral multiplets
Q = q + θψ − θ2f and Q˜ = q˜ + θψ˜ − θ2f˜ ,
where Q is in the fundamental representation of SU(N) and Q˜ in the antifundamental repre-
sentation. In N = 1 superspace, the flavor part of the Lagrangian reads7
Lhyper =
∫
d4θ Q¯i e
gV Qi +
∫
d4θ Q˜i e
−gV ¯˜Q
i
+
(
g
∫
d2θ Q˜iΦ
3Qi + h.c.
)
, (A.6)
where i = 1, . . . , Nf is a flavor index. In components,
Lhyper = −DµQ¯I iDµQI i − iψ¯iσ¯µDµψi − iψ˜iσµDµ ¯˜ψ i
−
√
2 i g ψ˜iX
12ψi +
√
2 i g ψ¯iX¯12
¯˜ψ i
+ig
√
2Q¯I iΛ¯I
¯˜ψ i − ig
√
2ψ˜iΛIQI i + ig
√
2Q¯I iǫIJΛJψi − ig
√
2ψ¯iΛ¯
IǫIJQJ i
−1
2
g2Q¯I iX¯ABXABQI i − g2Q¯J iXIKˆX JKˆQI i .
−g
2
2
(Q¯I i ·QJ j)(Q¯J j ·QI i)− g2ǫIKǫLJ (Q¯L i ·QK j)(Q¯J j ·QI i) . (A.7)
Following [34], we have introduced the SU(2)R doublets
QI ≡
(
q
q˜∗
)
, ΛI ≡
(
λ1
λ2
)
=
(
λ
−χ3
)
, I = 1, 2 . (A.8)
The other two Weyl spinors can be assembled into an SU(2)L doublet,
ΛˆIˆ ≡
(
λ3
λ4
)
=
(−χ2
−χ1
)
, (A.9)
which does not couple to the flavor hyper multiplets. Note that to avoid cluttering we keep
color indices implicit. Color contractions are almost always obvious. When ambiguity may
arise, we indicate the contraction with a dot. For example in the term
(Q¯I i ·QJ j)(Q¯J j ·QI i) (A.10)
the first pair is color contracted, and so is the second pair.
7Strictly speaking, this is the Lagrangian for gauge group U(N). For SU(N) there is a O(1/N) correction
to the Q4 potential, which we neglect since we are interested in the large N limit.
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The Q4 term in the Lagrangian can be written more compactly by introducing flavor-
contracted composite operators, in the adjoint of the gauge group,
M IaJ b ≡
1√
2
Q aJ i Q¯
I i
b
, (A.11)
which may be decomposed into the SU(2)R singlet and triplet combinations
M1 ≡M II and M I3J ≡M IJ −
1
2
M KK δIJ . (A.12)
In terms of the component fields q and q˜,
M1 = 1√
2
(q q¯ + ¯˜q q˜) (A.13)
M3+ = q q˜
M30 = 1√
2
(q q¯ − ¯˜q q˜)
M3− = q˜∗ q∗ ,
where the superscripts refer to the eigenvalues under the Cartan generator of SU(2)R. The F
and F¯ auxiliary fields couple toM3±, while the D auxiliary field couples toM30. Thus the Q4
scalar potential is the square of the triplet composite,
LQ4 = −g2TrM3M3 ≡ −g2Tr [2M3+M3− +M30M30] . (A.14)
Finally, let us write the Q4 potential using the gauge-invariant mesonic operators. The explicit
expressions of the mesons in components are
Oij
1
=
1√
2
(
qi a q¯j a + ¯˜q
i a
q˜j a
)
(A.15)
Oij
3+
= qi a q˜j a
Oij
30
=
1√
2
(
qi a q¯j a − ¯˜qi a q˜j a
)
Oij
3−
= q˜∗ i a q∗j a .
Withe these definitions,
LQ4 = −g
2
2
Tr
(
3Oij
1
Oij
1
−Oij
3
Oij
3
)
. (A.16)
B. The Field Theory for General Angles
In this appendix we derive the Lagrangian dual to the system with two flavor branes at general
angles, up to an ambiguity in the Q4 terms of the scalar potential, for which we give a general
parametrization. As explained in the text, we need to rotate the N = 4 fields (including in
principle the auxiliary fields) in the terms of the Lagrangian where they are coupled to the
second hyper multiplet.
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B.1 R-symmetry rotations of the N = 4 fields
Rotation of the Xm scalars in the 49 plane (with angle θ1) and in the 85 plane (with angle θ2)
is performed by the matrix
R(6)(θ1, θ2) =


cos θ1 0 0 0 0 − sin θ1
0 cos θ2 0 0 sin θ2 0
0 0 1 0 0 0
0 0 0 1 0 0
0 − sin θ2 0 0 cos θ2 0
sin θ1 0 0 0 0 cos θ1


(B.1)
A short calculation using the the Clebsh-Gordon coefficients (2.2) gives the corresponding
SU(4)R transformation for the fermions λA,
8
R(4)(θ1, θ2) =


cos
(
θ1−θ2
2
)
0 i sin
(
θ1−θ2
2
)
0
0 cos
(
θ1+θ2
2
)
0 i sin
(
θ1+θ2
2
)
i sin
(
θ1−θ2
2
)
0 cos
(
θ1−θ2
2
)
0
0 i sin
(
θ1+θ2
2
)
0 cos
(
θ1+θ2
2
)

 . (B.5)
Ideally, at this point we would provide the corresponding SU(4)R transformation of the F
and D auxiliary fields. An unsuccessful attempt to find such transformation rules using the
formalism of [23, 24] is described in Appendix C.
8For completeness, we also list the SU(4)R transformations corresponding to various U(1) subgroups. The
subgroup U(1)R (see (2.5)) corresponds to an 89 rotation:

eiθ89/2
eiθ89/2
e−iθ89/2
e−iθ89/2

 . (B.2)
Rotations in the 45 and 67 planes are given respectively by


eiθ45/2
e−iθ45/2
e−iθ45/2
eiθ45/2

 and


eiθ67/2
e−iθ67/2
eiθ67/2
e−iθ67/2

 . (B.3)
Finally the U(1)r symmetry of N = 1 superspace is
r =


e−ir
e+ir/3
e+ir/3
e+ir/3

 . (B.4)
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Clearly, the N = 4 part does not depend on the angles, since SU(4)R is an exact symmetry,
Ltotal(θ) = LN=4 + Lhyper(θ) . (B.6)
We write
Lhyper(θ) = Lkin + L(1)Y ukawa + L(1)Q¯X2Q + L
(2)
Y ukawa(θ) + L(2)Q¯X2Q(θ) + LQ4(θ) , (B.7)
where the superscripts (1) and (2) refer to the first and second flavor, respectively. We have
indicated which terms are θ dependent. The terms L(2)Y ukawa(θ) and L(2)Q¯X2Q(θ) are fixed unam-
biguously by the transformations (B.1, B.5). By contrast to determine LQ4(θ) we would need
an off-shell superspace formulation for the N = 4 multiplet, which is not available at present.
The terms that we can fix are:
Lkin = −Dµq¯iDµqi −Dµq˜iDµ¯˜qi − iψ¯iσ¯µDµψi − iψ˜iσµDµ ¯˜ψ i (B.8)
L(1)Y ukawa = −
√
2ig ψ˜1 λ1 q
1 −√2ig q˜1 λ1 ψ1 −
√
2ig ψ¯1 λ¯
2 q1 −√2ig ψ˜1 λ2 q˜∗ 1
−i g ψ˜1 (X8 + iX9)ψ1 + h.c. (B.9)
L(1)
Q¯X2Q
= −i g2 q∗1
(
[X4 , X6 ] + i [X4 , X7 ] + i [X5 , X6 ]− [X5 , X7 ]
)
q˜∗ 1 (B.10)
−i g2 q˜1
(
[X4 , X6 ]− i [X4 , X7 ]− i [X5 , X6 ]− [X5 , X7 ]
)
q1
+ i g2 q∗1
(
[X4 , X5 ] + [X6 , X7 ]
)
q1
− i g2 q˜1
(
[X4 , X5 ] + [X6 , X7 ]
)
q˜∗ 1
− g2 q∗1
(
X28 +X
2
9
)
q1 − g2 q˜1
(
X28 +X
2
9
)
q˜∗ 1
L(2)Y ukawa(θ) = −
√
2ig cos
(
θ1 − θ2
2
)
ψ˜2 λ1 q
2 +
√
2g sin
(
θ1 − θ2
2
)
ψ˜2 λ3 q
2 (B.11)
−
√
2ig q˜2 cos
(
θ1 − θ2
2
)
λ1 ψ
2 +
√
2g q˜2 sin
(
θ1 − θ2
2
)
λ3 ψ
2
−
√
2ig cos
(
θ1 + θ2
2
)
ψ¯2 λ¯
2 q2 −
√
2g sin
(
θ1 + θ2
2
)
ψ¯2 λ¯
4 q2
−
√
2ig cos
(
θ1 + θ2
2
)
ψ˜2 λ2 q˜
∗ 2 +
√
2g sin
(
θ1 + θ2
2
)
ψ˜2 λ4 q˜
∗ 2
− i g ψ˜2 (cos θ2X8 + sin θ2X5 + i cos θ1X9 − i sin θ1X4)ψ2 + h.c.
– 21 –
L(2)
Q¯X2Q
(θ) = − i g2 q∗2
(
cos θ1 ([X4 , X6 ] + i [X4 , X7 ]) + cos θ2 (i [X5 , X6 ]− [X5 , X7 ])
)
q˜∗ 2
− i g2 q˜2
(
cos θ1 ([X4 , X6 ]− i [X4 , X7 ]) + cos θ2 (−i [X5 , X6 ]− [X5 , X7 ])
)
q2
− i g2 q∗2
(
− sin θ1 ([X9 , X6 ] + i [X9 , X7 ]) + sin θ2 (i [X8 , X6 ]− [X8 , X7 ])
)
q˜∗ 2
− i g2 q˜2
(
− sin θ1 ([X9 , X6 ]− i [X9 , X7 ]) + sin θ2 (−i [X8 , X6 ]− [X8 , X7 ])
)
q2
+ i g2 q∗2
(
cos θ1 cos θ2 [X4 , X5 ] + [X6 , X7 ]− sin θ1 sin θ2 [X8 , X9 ]
)
q2
+ i g2 q∗2
(
cos θ1 sin θ2 [X4 , X8 ]− sin θ1 cos θ2 [X5 , X9 ]
)
q2
− i g2 q˜2
(
cos θ1 cos θ2 [X4 , X5 ] + [X6 , X7 ]− sin θ1 sin θ2 [X8 , X9 ]
)
q˜∗ 2
− i g2 q˜2
(
cos θ1 sin θ2 [X4 , X8 ]− sin θ1 cos θ2 [X5 , X9 ]
)
q˜∗ 2
− g2 q∗2
( ∣∣∣ cos θ2X8 + sin θ2X5
∣∣∣2 + ∣∣∣ cos θ1X9 − sin θ1X4
∣∣∣2
)
q2
− g2 q˜2
( ∣∣∣ cos θ2X8 + sin θ2X5
∣∣∣2 + ∣∣∣ (cos θ1X9 − sin θ1X4)
∣∣∣2
)
q˜∗ 2 .
B.2 Parametrizing the Q4 potential
Writing
−LQ4(θ1, θ2) = VQ41 + VQ42 + VQ21Q22(θ1, θ2) , (B.12)
it is clear that the terms VQ41 and VQ42 (involving respectively only the scalars of the first and
second hyper multiplet) are unaffected by the rotation. Indeed if we set to zero one of the two
hyper multiplets we must recover the standard supersymmetric Lagrangian (possibly after a
change of variables: if we set to zero the first hyper multiplet in (B.7) we must rotate back the
X and λ fields to restore Q¯X2Q and Yukawa terms to the standard form).
Recall (Appendix A) that the potential for a single flavor Q1 is
VQ41 = Tr
[
2M11
3+
M11
3−
+M11
30
M11
30
]
, (B.13)
where M11
3
∼ (Qi=1Q¯i=1)3 is the color–adjoint composite in the triplet of SU(2)R containing
only scalars in the first flavor i = 1 (compare with (A.12)), and similarly of course for VQ42 , with
M11
3
→M22
3
∼ (Qi=2Q¯i=2)3. The mixed terms can be parametrized by two unknown functions
of the angles,
VQ21Q22 = 2 g
2Tr
[
f (θ1, θ2)
(M11
3+
M22
3−
+M11
3−
M22
3+
)
+ d (θ1, θ2) M1130M2230
]
. (B.14)
We have imposed neutrality of the potential under a Cartan generator U(1) ⊂ SU(2)R. This
U(1) is preserved for general θ1, θ2 and corresponds geometrically to rotations in the 67 plane.
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When one of the two angles is zero, say θ2 = 0, an SU(2) symmetry is preserved, corresponding
geometrically to rotations in the 567 directions, which is a certain diagonal combination of
SU(2)L and SU(2)R. The hyper multiplets are neutral under SU(2)L, so under a 567 rotation
they just undergo just an SU(2)R. It follows that for θ2 = 0 the Q
4 must be SU(2)R invariant
and the functions f and d are related as
f (θ, 0) = d (θ, 0) . (B.15)
The only assumption we have made in writing (B.14) is that the rotation does not introduce any
terms containing the SU(2)R singlet compositesM111 andM221 . This is generally the case if the
rotated Lagrangian can be obtained from some off-shell superspace formulation of N = 4 SYM
with manifest SU(4)R symmetry. Indeed we know that for zero angles the N = 4 auxiliary
fields only couple to M3, and rotating the auxiliary fields can never generate M1.
When θ1 = θ2 = θ N = 1 supersymmetry is preserved, and the SU(4) R-symmetry
transformation corresponds to a matrix R(4) ⊂ SU(3), which acts on F a leaving D invariant.
This is a manifest symmetry of the N = 1 superspace formulation. As reviewed in Appendix
C, in this special case one can unambiguously find
f (θ, θ) = cos θ (B.16)
d (θ, θ) = 1 .
Further constraints follow from discrete symmetries. The 89 reflection X8, X9 → −X8,−X9
corresponds
θ1 , θ2 → −θ1 ,−θ2 . (B.17)
Invariance of the Q4 potential under this parity symmetry implies
f (θ1, θ2) = f (−θ1,−θ2) (B.18)
d (θ1, θ2) = d (−θ1,−θ2) . (B.19)
Similarly, invariance under the discrete symmetry X4 ↔ X5 and X8 ↔ X9, or
θ1 ↔ θ2 , (B.20)
implies
f (θ1, θ2) = f (θ2, θ1) and d (θ1, θ2) = d (θ2, θ1) . (B.21)
Unfortunately this set of relations is not sufficient to fix the functions f and d uniquely.
A crucial assumption we shall make is positivity of the classical Q4 potential. It would
follow from the existence of a superspace formulation with manifest SU(4)R symmetry: the
scalar potential would be proportional to the square of some auxiliary fields, and it would thus
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be positive even the susy-breaking SU(4)R rotation in the terms that couple the auxiliary fields
to the second hyper multiplet. Assuming positivity, we have
VQ4 ≥ 0 ⇒ f (θ1, θ2) ≤ 1 and d (θ1, θ2) ≤ 1 ∀ θ1, θ2 . (B.22)
For small angles, taking into account the discrete symmetries, we can expand
f (θ1, θ2) = 1− α(θ21 + θ22)− βθ1θ2 +O(θ3) (B.23)
d (θ1, θ2) = 1− α˜
(
θ21 + θ
2
2
)− β˜θ1θ2 +O(θ3) (B.24)
for some coefficients α, β, α˜, β˜. Imposing (B.16) gives 2α+ β = 1
2
and 2α˜+ β˜ = 0, while (B.15)
gives α = α˜. This leaves us with with a single unknown coefficient,
f (θ1, θ2) = 1− α(θ1 − θ2)2 − 1
2
θ1θ2 +O(θ
3) (B.25)
d (θ1, θ2) = 1− α (θ1 − θ2)2 +O(θ3) . (B.26)
Positivity of the Q4 potential implies that α > 0.
Finally we record the explicit expressions of the Q4 terms, both in terms of component
fields,9
LQ4(θ1, θ2) = −2 g2
(
q˜1 · q˜∗ 1
) (
q∗1 · q1
)− 2 g2 (q˜2 · q˜∗ 2) (q∗2 · q2) (B.28)
−2 g2f (θ1, θ2)
[ (
q˜1 · q˜∗ 2
) (
q∗2 · q1
)
+
(
q˜2 · q˜∗ 1
) (
q∗1 · q2
) ]
−g
2
2
(
q1 q∗1 − q˜∗ 1 q˜1
)2 − g2
2
(
q2 q∗2 − q˜∗ 2 q˜2
)2
−g2d (θ1, θ2)
(
q1 q∗1 − q˜∗ 1 q˜1
) · (q2 q∗2 − q˜∗ 2 q˜2) ,
and in terms of the gauge invariant mesonic operators,
LQ4(θ1, θ2) = −g
2
2
Tr
[
3O11
1
O11
1
−O11
3
O11
3
]
− g
2
2
Tr
[
3O22
1
O22
1
−O22
3
O22
3
]
− g2 (d (θ1, θ2) + 2 f (θ1, θ2)) Tr
[
O12
1
O21
1
]
− g2 (d (θ1, θ2)− 2 f (θ1, θ2)) Tr
[
O12
30
O21
30
]
+g2d (θ1, θ2)Tr
[
O12
3+
O21
3−
+O12
3−
O21
3+
]
. (B.29)
9We use dots as shorthand notation for color contractions. Using a, b for the color indices, and suppressing
all other indices, we set
(q q∗) · (q q∗) ≡ (qa q∗b) ·
(
qb q∗a
)
, (q q∗)
2 ≡ (qa q∗b) ·
(
qb q∗a
)
. (B.27)
– 24 –
C. R-symmetry in N = 1 Superspace
In this appendix we describe an attempt to derive the Q4 potential for general angles, using
a formalism developed in [23, 24] to describe the general global transformations of N = 4
SYM in N = 1 superspace language. The attempt fails, for reasons that could have been
anticipated: while the formalism prescribes how auxiliary fields must transform under general
R-symmetry transformations so that the action is invariant, the transformations do not close
off-shell. Nevertheless we believe that the exercise contains some relevant lessons in the search
of a more complete superspace formulation of N = 4 SYM and we reproduce it here for the
benefit of the technically inclined reader. We also present an application of the formalism
to the analogous problem for N = 2 SYM coupled to N = 1 chiral matter: how to break
supersymmetry by inequivalent embeddings of two N = 1 subalgebras into N = 2. In this
case the formalism works, because the algebra of global transformations closes off-shell. The
simplified problem is interesting in its own right and provides a model for how things should
work in the yet-to-be-found improved superspace formulation of N = 4.
In N = 1 superspace, N = 2 SYM has a manifest U(1)r×U(1)u subgroup of the SU(2)R×
U(1)R R-symmetry, and N = 4 SYM a manifest SU(3)R × U(1)r subgroup of the SU(4)R
R-symmetry. Nevertheless, the remaining R-symmetry transformations, while realized non-
linearly, are legitimate off-shell symmetries of the superspace action. They close off-shell for
N = 2 but not for N = 4. The explicit transformations rules were originally given in [23]. We
follow the presentation of [24]. Here we review the superspace formalism of [23, 24], translate
it into components and apply it to our problem.
C.1 Global symmetries in N = 1 superspace
N = 1 supersymmetric theories are invariant under translations, supersymmetry transforma-
tions and (under certain conditions) R-symmetry transformations. The parameters of these
transformations can be assembled into a single x-independent real superfield ζ , subject to the
gauge-invariance
δζ = i(ξ¯ − ξ) , (C.1)
where ξ is an x-independent chiral superfield. The physical components of ζ (in Wess-Zumino
gauge) are
ζαα˙ =
1
2
[
D¯α˙, Dα
]
ζ | , ǫα = iD¯2Dαζ | , r = 1
2
DαD¯2Dα ζ | . (C.2)
The vector ζαα˙ parametrizes the translations, the spinor ǫα the supersymmetry transformations
and the scalar r the U(1)r symmetry.
Let us next consider the N = 2 SYM theory. In N = 1 superspace, the field content
consists of a vector superfield V and a chiral superfield Φ. It was shown [24] that the N = 2
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SYM action is invariant under the global transformations
δΦ = −W α∇αη − i ∇¯2 (∇αζ)∇αΦ (C.3)
e−V δeV = i
(
η¯Φ− η Φ˜
)
+
(
W α∇α + W¯ α˙∇¯α˙
)
ζ .
Moreover, the algebra of these transformations closes off-shell. The parameters η and ζ are x-
independent, color neutral superfields. The symbol ∇α denotes the gauge-covariant derivative,
∇α ≡ e−VDαeV , and Φ˜ ≡ e−V Φ¯eV . Note that ∇αη = Dαη and ∇αζ = Dαζ . Another obvious
global symmetry of the action is a phase rotation of Φ,
δΦ = iuΦ , δV = 0 . (C.4)
The parameter ζ is the real superfield of N = 1 transformations, as above. Its vectorial compo-
nent ζαα˙ parametrizes translations, its spinorial component ǫ
1
α parametrizes the manifest N = 1
supersymmetry, and its auxiliary component r parametrizes the manifest U(1)r symmetry
Φ(y, θ)→ e−2irΦ(y, eirθ) , V (x, θ, θ¯)→ V (x, eirθ, e−irθ¯) . (C.5)
The parameter η is a chiral superfield that mixes V and Φ. Its components are
z = η| , ǫ2α = Dαη| , µ = D2η| . (C.6)
The complex scalar z corresponds to the central charge, the spinor ǫ2α parametrizes the second
(non-manifest in N = 1 superspace) supersymmetry transformation, and finally the complex
scalar µ parametrizes the non-manifest internal symmetries U(2)/(U(1)r×U(1)u). The complete
internal symmetry group of the classical action is U(2), parametrized by u, r and µ. (Note that
together the parameters ζ and η form an N = 2 vector multiplet, mimicking the field content
of the theory.)
From (C.3, C.4), we find the following global symmetry transformation rules on the com-
ponent fields and auxiliary fields:
δφ = −2 i r φ+ i u φ (C.7)
δχ = −µλ− i r χ + i u χ (C.8)
δλ = µ¯χ− i r λ
δF = 2 i µD + i u F (C.9)
δD = i
(
µ¯F − µF¯) .
The two U(1)s in these transformations are the r-symmetry of N = 1 superspace U(1)r and
the global phase rotation U(1)u: these are natural symmetries from an N = 1 superspace point
of view. The N = 2 SYM theory has a SU(2)R×U(1)R R-symmetry where the U(1)R and the
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diagonal T3 ⊂ SU(2)R are related to r and u as R = r− u2 , µ3 = u, so that we can equivalently
write
δφ = −2 i R φ (C.10)
δχ = −µλ− i Rχ+ i µ3
2
χ (C.11)
δλ = µ¯χ− i R λ− i µ3
2
λ
δF = 2 i µD − i µ3 F (C.12)
δD = i
(
µ¯F − µF¯) .
Note that the auxiliary fields transform as a triplet under SU(2)R.
We finally come to N = 4 SYM. The N = 4 action is invariant under the global transfor-
mations [24]
δΦa = −
(
W α∇αηa + ǫabc∇¯2η¯bΦ˜c
)
(C.13)
−i
[
∇¯2 (∇αζ)∇αΦa + 2
3
∇¯2 (∇2ζ)Φa
]
e−V δeV = i
(
η¯aΦ
a − ηaΦ˜a
)
+
(
W α∇α + W¯ α˙∇¯α˙
)
ζ . (C.14)
Unlike the N = 2 case, the algebra does not close off-shell. The parameters ζ and ηa, a = 1, 2, 3
have the same interpretation as before. The real superfield ζ contains the parameters of the
manifest symmetries, while the chiral superfields ηa contain the parameters of the non-manifest
symmetries. In particular their auxiliary auxiliary components of µa are the parameters of the
SU(4)/(SU(3)× U(1)r) R-symmetries. From (C.13), after some algebra we find the following
SU(4)/SU(3) transformation rules on the component fields,
δφa = −ǫabcµ¯bφ¯c − i2
3
r φa (C.15)
δχa = −µaλ+ 1
3
i r χa (C.16)
δλ = µ¯aχ
a − i r λ
δF a = 2 i µaD + i
4
3
r F a (C.17)
δD = i
(
µ¯aF
a − µaF¯a
)
.
C.2 Application to N = 2
Let us consider N = 2 SYM coupled to Nf N = 1 chiral multiplets Qi, i = 1, . . . Nf . The only
term in the N = 1 superspace Lagrangian that couples the different flavors is the Ka¨hler term
for the chiral multiplets, ∫
d4θ Q¯i e
gV Qi . (C.18)
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(There is no superpotential term that preserves gauge invariance and the U(Nf ) global flavor
symmetry.) In component language, and before integrating out the auxiliary fields, the relevant
terms in the Lagrangian are
L = . . .+D (q∗i qi + [φ , φ¯])+D2 + F¯F + . . . (C.19)
We then perform an off diagonal SU(2)R transformation (C.12) with µ = i θ/2 to the N = 2
SYM component fields that couple to the second chiral multiplet.
L = . . .+D (q∗1q1 + q∗2q2 cos θ + [φ , φ¯])+ Re(F )q∗2q2 sin θ +D2 + F¯F + . . . (C.20)
Integrating out the auxiliary fields, we find the scalar potential
Vq4 = |q1|4 + |q2|4 + 2 cos θ |q∗1q2|2 , (C.21)
which is positive definite for any θ since it is proportional to D2 + F¯F .
C.3 Application to N = 4
From (B.1), we see that for infinitesimal θ1, θ2,
δφ1 = i
(
θ1 + θ2
2
)
φ3 − i
(
θ1 − θ2
2
)
φ¯3 (C.22)
δφ3 = i
(
θ1 + θ2
2
)
φ1 + i
(
θ1 − θ2
2
)
φ¯1
δφ2 = 0 .
The holomorphic part of the variation is an infinitesimal SU(3) rotation δφa = i(θ1+θ2)(Tˆ6 φ)
a
generated by the Lie algebra element
Tˆ6 =
1
2
λˆ6 =
1
2

 0 0 10 0 0
1 0 0

 . (C.23)
Comparison with (C.15) shows that the antiholomorphic part of the variation is an SU(4)/SU(3)
transformation with parameters
r = µ1 = µ3 = 0 , µ2 = ± i θ2 − θ1
2
. (C.24)
Recalling that F a transform in the 3 of SU(3), and using (C.17) for the transformation rules
under SU(4)/SU(3), we find the corresponding variations of the auxiliary fields,
δF 1 = i
(
θ1 + θ2
2
)
F 3 (C.25)
δF 3 = i
(
θ1 + θ2
2
)
F 1
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δD = − (θ1 − θ2) Re (F2) (C.26)
δRe (F2) = (θ1 − θ2)D .
Their naive exponentiation gives
(
D
Re (F2)
)
rot
=
(
cos (θ1 − θ2) − sin (θ1 − θ2)
sin (θ1 − θ2) cos (θ1 − θ2)
)(
D
Re (F2)
)
(C.27)
(
F1
F3
)
rot
=
(
cos
(
θ1+θ2
2
)
i sin
(
θ1+θ2
2
)
i sin
(
θ1+θ2
2
)
cos
(
θ1+θ2
2
)
)(
F1
F3
)
. (C.28)
Given these explicit transformations for the auxiliary fields we can proceed to derive the form
of the Q4 potential after rotation. The prescription is to transform the auxiliary fields that
couple to the second hyper multiplet, leaving untouched the auxiliary fields that couple to the
first hyper multiplet. This method predicts
f (θ1, θ2) = cos
(
θ1 + θ2
2
)
(C.29)
d (θ1, θ2) = cos (θ1 − θ2)
for the parameter functions introduced in (B.14). This result is clearly incorrect. It does not
satisfy condition (B.15). Moreover f(θ, 0) has the wrong periodicity – the potential should
come back to itself after a 2π rotation. Since the transformation rules do not close off-shell,
it was not permissible to simply exponentiate the infinitesimal variations. It appears that this
is a fundamental flaw of this formalism and that what is required is a different superspace
formulation where the SU(4)R closes off-shell.
D. Anomalous Dimensions
In this appendix we describe the computation of the one-loop anomalous dimensions of the
mesonic operators OI J . Following [38], we view a single-trace composite operator as a closed
spin chain whose sites correspond to the elementary fields. In the large N limit and at the
one-loop level only nearest neighbor interactions are present. The nearest neighbor interaction
is conveniently expressed in terms of three elementary operators acting on the vector space
of two successive sites. These three operators represent the three independent ways to map
two SU(2)R symmetry indices of an “incoming” operator OI J to the indices of an “outgoing”
operator O¯L K. They are the trace operator K, the permutation operator P and the identity
operator I:
K
JL
IK ≡ δJI δLK , PJLIK ≡ δIKδJL , IJLIK ≡ δLI δJK . (D.1)
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(a) (b) (c)
(d) (e)
Figure 3: One-loop Feynman diagrams contributing to γQ.
The anomalous dimension of the mesonic operators receives contributions from the Feynman
diagrams shown schematically in Figure 2. Since the gauge boson exchange is R-symmetry
blind, the Feynman diagram shown in figure 2(a) is proportional to the identity operator,
ZA − 1 = (1− ξ) g
2N
8π2
I ln Λ . (D.2)
Here ξ is the gauge fixing parameter in the propagator of the gauge boson, which is
gµν−ξ kµkν
k2
k2
in our conventions. The SU(2)R structure of the quartic interaction (figure 2(b)) is more
interesting. The scalar vertex has index structure
1
2
δLI δ
J
K − δJI δLK =
1
2
I−K , (D.3)
with trace part arising from F-terms and the identity from the D-terms. The contribution of
the quartic interaction to the renormalization of the mesonic operators is then
ZQ4 − 1 = g
2N
8π2
(I− 2K) ln Λ . (D.4)
Finally, we need to consider the squark self-energy corrections (figure 2(c), shown in more detail
in figure 3). The contribution of the squark self-energy to the meson renormalization is
ZQ − 1 = − (2− ξ) λ
8π2
I lnΛ . (D.5)
We also record for future use the anomalous dimension of the squark,
γQ =
λ
8π2
δJI (2− ξ) . (D.6)
Adding the diagrams, we find
– 30 –
Z = 1 +
λ
4π2
K ln Λ (D.7)
and we read off the matrix of anomalous dimensions,
Γ(1) ≡ dZ
d ln Λ
Z−1 =
λ
4π2
K . (D.8)
This answer is due entirely to the F-terms, since all other contributions (D-terms, gluon ex-
change and self-energy diagram) add up to zero. This is an example of a general property of
theories with extended supersymmetry [39, 40, 41].
The trace operator is a 4× 4 matrix that acts on the four dimensional 2× 2¯ vector space
QIQ¯J . Its eigenstates are the singlet and the triplet states of SU(2)R, with eigenvalues 2 and
0 respectively. In this basis the anomalous dimension matrix Γ(1) is diagonal, with eigenvalues:
γ1 =
λ
2π2
and γ3 = 0 (D.9)
This result is expected because O3 is an N = 2 chiral primary that obeys the shortening
condition ∆ = 2R, while O1 belongs to a long multiplet and is not protected.
E. Coleman-Weinberg Potential
The calculation of the one-loop effective potential is straightforward but somewhat lengthy.
Here we provide some intermediate steps for the sake of the reader who would like to repro-
duce our result. Following the original paper by Coleman and Weinberg [42], the bosonic and
fermionic contributions to the one-loop effective potential are
Vbose = 1
64π2
TrM4b ln
(M2b) (E.1)
Vfermi = − 1
64π2
Tr
(
MfM†f
)2
ln
(
MfM†f
)
, (E.2)
where the mass matrices read off by expanding the Lagrangian (B.7) around the classical
background. We choose the background (3.20)
Q1 =
(
q
0
)
, Q2 =
(
0
−q
)
, q ∈ C . (E.3)
Setting to zero the extra “double-trace” couplings, f ≡ 0, we find the following partial contri-
butions (we write V ≡ v N g4 |q|4
16π2
ln |q|2):
vQ =
(
5 + d2(θ1, θ2)
2
)
, (E.4)
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vfermi (θ) =
(
− 8 + 2 sin2
(
θ1 + θ2
2
)
+ 2 sin2
(
θ1 − θ2
2
))
,
vA = 3 ,
vX =
(
2− 2 sin2
(
θ1 − θ2
2
)
− 2 sin2
(
θ1 + θ2
2
)
+ 4 sin2
(
θ1 − θ2
2
)
sin2
(
θ1 + θ2
2
))
.
The contribution of the gauge fields is calculated in the Landau gauge10. Adding these partial
contributions,
V1−loop (θ1, θ2; f = 0) ≡ λ
2
N
v1−loop |q|4 ln |q| (E.5)
with
v1−loop =
1
8π2
[
4 sin2
(
θ1 + θ2
2
)
sin2
(
θ1 − θ2
2
)
+
d2(θ1, θ2)− 1
2
]
. (E.6)
For θ1 = θ2 = θ, using d(θ, θ) = 1 we find
V1−loop (θ, θ; f = 0) = 0 , (E.7)
as expected since this configuration preserves N = 1 susy.
Along this classical background, the tree-level potential Vtree ≡ −(LQ4+δLfund) (see (B.28)
and (3.13)) evaluates to
Vtree(q) = λ
N
|q|4
(
1− d(θ1, θ2)
)
+
f3+
N
|q|4 ≡ λ
N
Cλ + f3+
N
Cf . (E.8)
The classical background was chosen precisely to ensure that the only double-trace coupling
contributing at tree level is f3+ . The Callan-Symanzik equation for the effective potential reads[
µ
∂
∂µ
+ βf
∂
∂f
+ βλ
∂
∂λ
− γ(1)q q
∂
∂q
]
V(q, µ, f, λ) = 0 . (E.9)
We can drop the βλ term since it is subleading for large N . Writing V(f, λ) = Vtree+V1−loop(f =
0)+O(f)+O(λ3), the CZ equation allows to extract the f -independent one-loop coefficient of
βf , βf (f = 0) = a(λ) = a
(1)λ2 +O(λ3),
a(1) = 4 γ(1)q (Cλ/Cf) + v1−loop (E.10)
=
1
16π2
[(
1− d(θ1, θ2)
)
+
1
2
(
1− d(θ1, θ2)
)2
+ 4 sin2
(
θ1 + θ2
2
)
sin2
(
θ1 − θ2
2
)]
.
10This is convenient for the following reason. The formula (E.1) arises from the resummation of polygonal
one-loop diagrams with the background fields at the external legs which have zero momenta. When gauge fields
are inside the loop there are more diagrams than just the gauge polygons (the polygons are made purely out
of gauge fields). But in the Landau gauge the only diagrams that are non-zero are gauge polygons. Then their
contribution is simply (E.1) multiplied by 3. The extra factor of 3 stems from the trace of the numerator of the
Landau gauge propagator.
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To study the stability of the CW potential, we must first perform the standard RG improvement
[42]. A detailed discussion for the problem at hand can be found in section 3 of [21]. One finds
that the “perturbative vacuum” q = 0 is stable if and only if βf admits real zeros. In our case
βf has imaginary zeros and symmetry breaking does occur. This is one of the manifestations
of the tachyonic instability on the field theory side.
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